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Exercise 3

Derive the eigenvalue equation (16) for the negative eigenvalues A = —y? and the formula (17) for
the eigenfunctions.

Solution

The ODE under consideration is
X" = )X

subject to the boundary conditions

X'(0) — apX(0) =0
X' ) +aXxl) =0

The aim is to find the negative eigenvalues A = —? and the corresponding eigenfunctions.
X" — ,72 X

This is a linear homogeneous ODE with constant coefficients, so the solution is of the form
X(z) =e€".

This will be substituted into the ODE to determine r. Before doing so, though, find the
derivatives of X (z).
X=" = X =re® — X'=r%"

Now we're ready to make the substitutions.

Divide both sides by e"*.

Solve this equation for r by factoring.
r?==0 = (r+)(r-7)=0

Thus,
r={+}
and the solution to the ODE is
X(z) = Cre7 7" 4+ Che™™.

With the help of Euler’s formula,
eN® = cosyx + isinyz,
the solution can be written in terms of sine and cosine.
X(x) = Ci(cosiyr + isiniyx) + Ca(cosiyxr — isiniyr)
Make use of the identities, coshvx = cosiyz and sinhyx = —isiniyz.

X (x) = Ci(coshyz — sinhyx) + Ca(cosh yx + sinh yx)
= (C1 + C2) coshyz + (—Cq + Co) sinhyx
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Use new constants of integration here to obtain the general solution of the ODE.
X (x) = Cgcoshyx + Cysinhyx
Apply the boundary conditions now to determine C3 and Cjy.

X/(O) — aoX(O) = 704 — CL()Cg =0
X'(1) + X (1) = v(Cs sinh vl + Cy coshyl) + a;(C3 coshyl + Cy sinhl) = 0

Solve the first equation for Cy
a
C1=—0C3
Y

and plug it into the second equation.

. ao agp .

v (Cg sinh vl + —C35 cosh Vl) + a; <Cg coshyl + —Cj3 sinh yl) =0
Y Y
Expand the left side and cancel out Cs.
: apqay .
v sinh vl + ag cosh vl + a; cosh yl + —— sinh~yl =0
Y

Factor sinh vl and cosh~l.

<’y + aOal) sinh~l + (ap + a;) coshyl =0
Y

2
<7+a0al> sinh vl = —(ag + a;) cosh vl
Y

Therefore, the negative eigenvalues are A = —~2, where 7 is a solution to
tanh ")/l = _M.
Ve +aoa

The eigenfunctions associated with these eigenvalues are

X(z) = C3coshyz + Cysinhyz
= C3coshvyz + @Cg sinh vz
v

=Cs (cosh YT + 90 sinh fyx) .
Y

Therefore,
X (x) = coshyzx + %0 sinh Y.
Y
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